ABSTRACT. Examinations of Sharkovsky's property for discontinuous functions are usually connected with complex considerations. In this paper we ascertain the relation between two families of functions giving possibility to resolve the question about Sharkovsky's property of functions belonging to one of those families into examination J 1 property of the second of them.
Introduction
On the website http://at.yorku.ca/t/a/i/c/41.htm, M. M i s i u r e w i c z has written: Combinatorial Dynamics has its roots in Sharkovsky's Theorem 1 . Consequently, it seems to be important to consider Sharkovsky's property also for discontinuous functions ( [6] , [8] ). It is well known that continuous functions and functions possessing connected and G δ graphs are Sharkovsky's functions (e.g., [1] , [8] ). However, there exist functions which have Sharkovsky's property and do not fulfil the above assumptions (for example, some functions belonging to families P C and P D defined in the second part of this paper). However, a question when a fixed function possesses Sharkovsky's property is rather difficult. So, it seems to be interesting to give a method permitting to replace the investigation of Sharkovsky's property of a given functions (or functions belonging to some family of functions) with applying results connected with property J 1 of the wellknown classes of functions (in fact, Sharkovsky's property is closely connected with the property J 1 also for a well-known class of functions, e.g., [8] ). In order to attain it, we will establish some relation between functions (more precisely between the class of functions containing considered one) and suitable family
Preliminaries
We will use standard definitions and notations mostly (see [1] , [2] , [5] ). In particular, by N, R we will denote the set of positive integers, real numbers.
The interior of a set A will be denoted by Int(A). If A, B are subsets of the domain of f , then f A denotes the restriction of f to A. We say that a set A f-covers a set B (denoted by
The set of all periodic points of f of prime period M will be denoted by Per M (f ).
If F is a family of functions mapping R into R, then we shall denote 
We shall say that f is a Sharkovsky's function (or f possesses Sharkovsky's property) if
In the next definitions, the addition of index numbers means addition modulo M (i.e., M + 1 = 1)
2 . Let (I 1 , I 2 , . . . , I M ) be a finite sequence of continuums
we say that x 0 is connected with an (
We say ( [8] ) that a family of functions F has property J if for any
there exists a point x 0 connected with this cycle such that (
We say that a family of functions F has the property J 1 if for any (f )-cycle
there exists a point x 0 connected with this cycle and such that f M (x 0 ) = x 0 (in the case of continuous functions defined in compact interval, the property J 1 is connected with so-called Itinerary Lemma).
Main results
Throughout the paper we will assume that all considered functions are Darboux functions (and at the same time, all considered classes of functions consist of Darboux functions).
It is very useful to introduce the following notions.
We will say that an (f )-cycle (
We say that a family of functions F is substituted by a class of functions F 1 if for any natural number M and any arbitrary (
First, we shall establish two classes of functions P C and P D , which will form a model for our considerations. Let us note that some functions belonging to P C (P D ) have been considered in a lot of papers and monographs (e.g., [3] , [4] ).
Let P be an arbitrary Cantor-like set in [0, 1] (for simplicity of considerations we assume that 0, 1 ∈ P ) and let P ⊂ P . Then we can distinguish some properties of functions f P , P : R −→ R which are connected with the sets P and P .
1. f P , P (x) = 0 if x ∈ P \ P and if P = ∅, then f P , P (x) = 1, if x ∈ P .
f P , P [a, b] is a continuous function and f
, for x < 0 and f P , P (x) = f P , P (1), for x > 1.
Let P C (P D ) be a family of all functions f P , P fulfilling conditions 1, 2 and 3 (1, 2 , 3) for all possible pairs of sets (P , P ).
Let us remark that P C ⊂ D (P D ⊂ D) and, moreover, both classes contain nonmeasurable (in the Lebesgue sense) functions (if the measure of P is positive and P is a nonmeasurable set).
Now, we will show that:
The family P C is substituted by a family C.
The family P D is substituted by a family DB 1 .
where
is a subset of a component of the complement of P i 0 then we can put (a i 0 , b i 0 ) = Int(I i 0 ) (of course, it is sufficient to consider nondegenerate intervals). In the opposite case, there exists an component (
be a sequence of disjoint intervals such that
Of course, ξ i is a homeomorphic embedding such that
Let us define a function f : R → R in the following way:
. . , M ) and f is linear function in the closure of any component of the complement of
It is easy to see that f ∈ C if we consider the family P C , or f ∈ DB 1 if we consider the family P D . Now, we shall show that [
Let us fix i 0 ∈ {1, 2, . . . , M }. Then
which proves (2) . Let x be an arbitrary point connected with (f )-cycle
So, we have:
We can calculate
This completes the proof of (1).
Remarkº One can consider various modifications of our models. For example, we can replace the condition 2 (and 2 ) with Then such a family is also substituted by DB 1 . Moreover, the assumption 3 suggests that one can consider the functions mapping [0, 1] into itself.
The following lemma is the basic statement for further considerations. 1, 2, . . . , N(k)) and k ∈ {1, 2, . . . , M }. Thus
is a connected set and I M +1 is a subset of a connected set
, however, we can restrict our considerations to the case a M,N (M ) < b M,N (M ) with no loss of generality. Let
Now, we apply the above reasoning again. Note that
Repeating this procedure again and again we obtain two sequences of points:
Simultaneously, we have a sequence of intervals
such that
It is easy to verify that
We can repeat the above procedure for successive numbers M −1, M −2, . . . , 1. Consequently, for any k ∈ {1, 2, . . . , M } we obtain sequences of points
and
. Now, we will introduce new enumerations of sequences
preserving the order:
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Making some basic observation, we obtain 
This means that
Let us put x 0 = ξ 1 (y 0 ) ∈ I 1 . We shall prove that x 0 is a required point fulfilling the conditions defined in property J for an (f 1 , . . . , f M )-cycle (I 1 , . . . , I M ).
Let us fix a number k 0 belonging to {1, 2, . . . , M }. Let us put
By ( 
2.2º
If a family F is substituted by a family F 1 and the family F 1 has the property J 1 , then for each f ∈ F c such that Per P (f ) = ∅ we have:
(1) if P > 1 and P is odd, then for every Q > P , and for every even Q and for Q = 1 there exist closed intervals I 1 , . . . , I Q such that
